The basic models of modern cosmology work in FRW spacetime. Hence follows that it is important to study the physical and mathematical nature of FRW cosmological models. In this work, we consider FRW models with the differential equations of state. Some new classes integrable and nonintegrable FRW cosmological models were constructed. It is remarkable that all proposed integrable and nonintegrable FRW models admit exact solutions. For some of them, such exact solutions are presented. Some artificial two-dimensional FRW models were also proposed. Finally in Appendix, we extend the obtained results for g-essence models and for its two reductions: k-essence and f-essence.
Introduction
FRW models play a central role in modern cosmology. In particular, almost all popular theoretical models of dark energy work in FRW spacetime. Again almost all models of dark energy meet some difficulties like cosmological constant problems, fine-tuning problems and so on. One of consequences of such difficulties of modern cosmology is the necessity more carefully investigate the basics of General Relativity (GR), in particular, FRW cosmology. One of the poorly studied sector of modern theoretical cosmology is the problem of integrability of cosmological models, especially, FRW cosmological models. In our previous papers [1] - [3] , we have studied the relationship between the basic cosmological equations, namely, the Friedmann equations and some important equations known from the other branches of physics and/or mathematics. These last equations include: a) The Ramanujan equationḞ
3) −2 + δz(z − 1)(y − z) −2 ] . In this work, we study the FRW cosmological models with the differential equations of state (EoS). To construct integrable and nonintegrable reductions of such FRW cosmological models we use the implantation method. In particular, to construct integrable FRW models in one dimensions we use six Painlevé equations (see also [1] - [3] ).
The paper is organized as follows. In section 2, we present the basic equations of FRW cosmology. Section 3 is devoted to study the FRW models with the half EoF and Section 4 to the FRW models with the full EoS. In the next section 5, we present the so-called D -models. Some artificial two-dimensional models were constructed in the section 6. The last section 7 is devoted to the conclusion.
Basic gravitational equations
We start from the classical GR case. In this GR case, the standard gravitational action has the form
where R is the scalar curvature and L m is the Lagrangian of the matter. We work with the FRW spacetime which has the metric
where a(t) is the scale factor, k = −1, 0, 1 represent the three-dimensional space with the negative, zero, and positive spatial curvature, respectively. In this case the Ricci scalar reads as
where a dot represents differentiation with respect to t. The Friedmann equations read as
where we note that p < −ρ/3 implies repulsive gravitation if Λ = 0. Recaling the Hubble parameter H =ȧa −1 these equations can be written as
If the FRW spacetime is filled with a fluid of energy density ρ and pressure p, then the conservation law coud be derived from the Friedmann equations (2.5) aṡ
In this work, we consider the case: k = Λ = 0 and set 8πG = 1. So finally the equations for the action (2.1) we can write in the H-form 9) in the N-form
or in the a-form
14) 
so that its parameter takes the form
3 Differential equations of state: 0.5 -models 3.1 Integrable 0.5 -models
In this subsection we consider some integrable 0.5 -models that means models with the half EoS (half ≡ 0.5). As the integrable cells (which we inplant to the body of the original gravitational system of equations), we use Painlevé equations. The function of these integrable cells are to convert the original gravitational (nonintegrable) system into the integrable system.
ρ -models
Let's go further or, if exactly, go back. To the Friedmann equations e.g. (2.7)-(2.9) and consider the following its extension
where α, β, γ, δ are consts. It is the A IIIA -model (see below). We guess that this system is integrable due to integrability of the equation (3.3) which is nothing but the P III -equation and which plays the role of the integrable cell (see e.g. [2] - [4] ). To solve it, we start from the equation (3.3) . In particular, it has the following well-known particular solutions [4] :
and so on. Here
where
are Bessel functions. We are here modest and work just with the simplest solutions.
i) First let's consider the solution (3.5):
14)
so that this solution corresponds to the de Sitter case. ii) Next, let's consider the other simplest solution namely the solution (3.6): 
The corresponding EoF parameter reads as
For this case we haveȧ
Let's calculate the deceleration parameter. We have
Hence we see that q = 0 as t 0 = 3 3 4κ . It means that this solution describes the deceleration and acceleration phases of the expansion of the universe and t 0 = 3 3 4κ is the transition point. Similarly, we can explore the other solutions of the A IIIA -model (3.1) -(3.4) as well as the other ρ -models. Now we present the list of ρ -models. 1) A I -models.
2) A II -models.
3) A III -models.
Here φ = 0.5ρ
6) A V I -models.
p -models
Now we want consider one of important part of integrable 0.5 models namely p -models. Let's implant the integrable cell, e.g. the B IIIB -model (see below), to the body of the gravitional equations. The aim of this implantation is the original (in general nonintegrable) system convert into the integrable system. If this integrable cell is, e.g. the B IIIB -model, as result we get the following closed system of the equations
where α, β, γ, δ are consts. This system we also call the B IIIB -model, which is (as we expect and believe) integrable. Also we note that the equation (3.31) is the P III -equation and plays the role of the integrable cell. As an integrable, the system (3.29)-(3.32) admits (may be infinite number) exact solutions. The construction its exact solutions we start from the equation (3.31).
In particular, the equation (3.31) has the following particular solutions (see e.g. [4] ):
are Bessel functions. Now we consider some simplest solutions. i) Let's start from the solution (3.33)
To find H we use the formula (2.16). As result we get
where ρ 0 = −3C, Λ = −κ. It is nothing but ΛCDM model. So this solution corresponds to the ΛCDM cosmology. In this case, the above formulas give
which corresponds the EoF parameter
ii) Now let's we consider the next simplest solution namely the solution (3.34):
p(a) = κa. respectively. In the limit a → ∞ we get ω → −4/3. Similarly we can write B J -models induced by the other P J -equations. Here the list of such models. 1) B I -models.
2) B II -models.
3) B III -models.
4) B IV -models.
Here φ = 0.5p
6) B V I -models.
Here ϕ(z) = 0.
Nonintegrable 0.5 -models
Now we give some examples nonintegrable 0.5 -models. ii) Example 2:
iii) Example 3:
iv) Example 4: 
ii) Example 2:
iii) Example 3: where ξ = ξ(t), k = const. ii) Example 2:
4 Differential equations of state: 1.0 -models
Here we present some examples integrable and nonintegrable 1.0 -models that means models with the full EoS (f ull ≡ 1.0).
Integrable 1.0 -models
Here the list integrable 1.0 -models.
. All above presented K J -models admit exact solutions. Now let's present some of these solutions.
K I -model
This models has the following particular solutions
where C i = consts and Ai(x), Bi(x) are Airy functions.
K III -model
This equation admits the infinite number exact solutions. For example, it has the following particular solutions (see e.g. [4] )
where C i = consts, ζ = √ ǫ 1 ǫ 2 ρ, ν = 0.5αǫ 1 and J ν (ζ), Y ν (ζ) are Bessel functions.
K IV -model
This equation has the following particular solutions (see e.g. [4] ):
where C i = consts, ζ = α + 0.5ǫ, ν = 0.5αǫ 1 and U, V ) are parabolic cylinder functions, H m are Hermite polynomials, erf c is the complementary error function (for detail see e.g. [4] ).
K
V -model p ρρ = ( 1 2p + 1 p − 1 )p
D -models
In this section we would like to consider the so-called D -models, where D = D(p, ρ) is an arbitrary function of ρ and p. Here some examples of such models.
Integrable D -models
1) D I -models.
2) D II -models.
3) D III -models.
Here φ = 0.5D
6) D V I -models.
Nonintegrable D -models
Nonintegrable D -models can be induced by some ODE's which are nonintegrable e.g. as in our previous papers [1] - [3] .
Solutions
It is important that all above presented D -models admit exact solutions. Let's consider here one example. Let D(p, ρ) has the form D = 0.5(p + ρ). 6 Artificial two-dimensional models FRW cosmological models that we considered above are one-dimensional. But for some reason we would like to have two-dimensional cosmological models in FRW spacetime. And there are (may be) no legal ways to construct two-dimensional models starting from one-dimensional models. If so let's try to use the "illegal" ways e.g. introducing the artificial "coordinate". As such artificial coordinate we can use e.g. one of physical parameters of the original model e.g. the cosmological constant (Λ). So we have may be two coordinates: one legal coordinate -t (time) and one "illegal" coordinate -Λ. Now we are ready to write our artificial two-dimensional cosmological models in FRW spacetime. and a(t, Λ) = h(t − 0.75aΛ), (6. 4) respectively. Here h is an arbitrary function. Also we see e.g. from the solution (6.3) that the velocity of a point of the wave, with constant amplitude a, is proportional to its amplitude leading to the "breaking" of the wave. Also we note that the wave also develops discontinuities in its evolution [Exercise 2: What means these discontinuities for the dynamics (evolution) of the universe? ]. Let's now we give the following particular solutions of the equations (6.1) and (6.2): a = (β 1 + β 2 Λ)(β 3 − 1.5β 2 t) and its twin a Λ = (a −0.5 ) ttt . (6.11) 4) Our next example is given by [5] (ln a) tt = a ΛΛ (6.12) and its twin (ln a) ΛΛ = a tt . 
Conclusion
It is important to study the physical and mathematical nature of FRW cosmological models as they play a crucial role in modern cosmology. In this work, a new classes integrable and nonintegrable FRW cosmological models were proposed. To construct integrable models we implant integrable equations, in our Painlevé equations, into the body of the original gravitational equations. It is remarkable that all proposed integrable models admit exact solutions. For some of them, exact solutions are presented. Finally in Appendix, we extend the obtained results for g-essence models and its two reductions: k-essence and f-essence.
8 Appendix. Integrable and nonintegrable g-essence models and their k-essence and f-essence reductions
For g-essence we have
where K is the Lagrangian for g-essence, X and Y are the kinetic terms for the scalar and spinor fields, respectively. Below we give some examples of integrable models for g-essence.
